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Abstract 
A double Youden rectangle is a type of Graeco-Latin design first represented in the literature when 
Clarke (1963) gave an example used to provide the layout for an orchard experiment. Bailey (1989) 
reported that few double Youden rectangles were known, and asked for more to be found, preferably 
in infinite classes. The present paper provides constructions of such double Youden rectangles: for 
each prime p = 3 (mod 4) there are double Youden rectangles of size p x (2~ + 1). 
A double Youden rectangle of size k x z) (k < v) is a row and column arrangement of 
the ku distinct ordered pairs x, y formed when x is drawn from a set X of v elements 
and y from a set Y of k elements, and which is so organised that 
each element of X appears exactly once in each row, 
each element of X appears at most once in each column, and the sets of elements of 
X in the columns are the blocks of a symmetric balanced incomplete block design, 
each element of Y appears exactly once in each column, 
each element of Y appears either n or n + 1 times in each row, where n is the integral 
part of u/k, and either u-nk = 1 or, if n occurrences of each element of Y are 
removed from each row, the remaining sets of elements of Y in the rows are the 
blocks of a symmetric balanced incomplete block design. 
The first example of a double Youden rectangle was provided by Clarke [4], and 
the foregoing general definition was later formulated by Bailey [l] and Preece [S, lo]. 
The investigations which follow are concerned with cases where, for some prime 
p = 3 (mod 4), we have k =p and u = 2p + 1. The parameter n, linked to the within-row 
replication of elements of Y, then assumes the value 2, so that each element of 
Y appears three times in exactly one row and twice in all others. For the first two 
Correspondence to: Barry Vowden, Institute of Mathematics and Statistics, University of Kent, 
Canterbury, Kent, CT2 7NF, UK. 
0012-365X/94/$07.00 0 1994-Elsevier Science B.V. All rights reserved 
SSDI 0012-365)3(92)00368-Q 
386 B. Vowden 
values of p, namely p = 3 and p = 7, Preece [6] has, on the one hand, shown that there 
is no double Youden rectangle of size 3 x 7 and, on the other, displayed in [7] three 
nonisomorphic 7 x 15 double Youden rectangles (see also [9]). He further suggested 
that the method he gave for constructing these 7 x 15 examples could be extended to 
furnish examples of p x (2p+ 1) double Youden rectangles for all larger values of the 
prime p: he has however been unable subsequently to formalise his argument. The 
present paper accomplishes this task: for each prime p = 3 (mod 4) we provide con- 
structions for double Youden rectangles of size p x (2p+ 1). 
2. An illustrative example of a double Youden rectangle 
An example of a 7 x 15 double Youden rectangle, based on the sets 
X= (*, A, B, C, D, E, F, G, a, b, c, d,e, f, g} and Y= (0, 1,2,3,4,5,6} is given below, with 
the row labels also taken from {0,1,2,3,4,5,6}: 
0 A0 *0 c3 e6 Fl b5 G4 D2 a0 C3 E6 g2 B5 dl f4 
1 Bl E3 *l d4 f0 G2 c6 A5 g5 bl D4 FO a3 C6 e2 
2 C2 B6 F4 *2 e5 gl A3 d0 f3 a6 c2 E5 Gl b4 DO 
3 D3 el CO G5 *3 f6 a2 B4 El g4 b0 d3 F6 A2 c5 
4 E4 C5 f2 Dl A6 *4 g0 b3 d6 F2 a5 cl e4 GO B3 
5 F5 c4 D6 g3 E2 BO *5 al C4 e0 G3 b6 d2 f5 Al 
6 G6 b2 d5 EO a4 F3 Cl *6 B2 D5 fl A4 CO e3 g6 
As explained in Preece [lo], we may associate with each double Youden rectangle 
a square incidence array, which for the example exhibited takes the form shown in 
Table 1. In essence, we interchange in the display the partitioning induced by the rows 
Table 1 
Square incidence array for 7 x 15 double Youden rectangle 
* 00 11 22 33 44 5.5 66 
A 00 46 23 15 
B 11 26 50 34 62 
c 22 45 30 61 54 03 
D 33 56 41 02 65 14 
E 44 13 60 52 31 06 
F 55 24 01 63 42 
G 66 35 12 04 53 
: 64 32 00 62 05 43 51 26 11 45 30
: 54 03 65 16 22 14 20 46 
; 31 06 42 25 10 50 36 23 61 
g 53 21 40 15 34 
64 32 51 
05 43 
16 
20 
25 
10 36 
21 40 
13 
56 24 
41 60 35 
33 52 01 
44 63 12 
55 04 
02 66 
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with that by the elements of X. This equivalent representation of a double Youden 
rectangle will be more convenient for our purpose. All our constructions are patterned 
on this squared incidence form, and employ, as in this example, cyclic selection of the 
elements of Y to generate the array entries. 
3. A general construction for infinite series of double Youden rectangles 
Suppose n is the incidence matrix of a symmetric balanced incomplete block design 
having parameters 4L+ 3,2A+ 1 and A, for which the matrix transpose n’ satisfies 
n+n’+Z=J, where I is the identity matrix and J is the matrix of all 1’s. If 
0 1’ 0 
N=l n n , 
[ 1 0 ?I I+n’ 
with the entries 0, 0’, 1 and 1’ representing compatible vectors of all O’s and l’s, then 
N is itself the incidence matrix of a symmetric balanced incomplete block design 
whose parameters are 82 + 7,42 + 3 and 21+ 1 [2]. As described by Bose [3] (see also 
[S]), when p = 42 + 3 is a prime we may construct such an n by means of difference sets 
based on quadratic residues modulo p. More precisely, the numbers 0, 1,2, . . . ,p- 1 
constitute a field when arithmetic is effected modulo p, and if x is a primitive element 
(so that the powers xrfor r=0,1,2,...,p-2 are the numbers 1,2,...,p-1 in some 
order and xp- ’ = 1) then the entry appearing in row i and column j of n is set to 1 when 
i-j is an even power of x, but otherwise to 0. The condition n + n’ + I = J is fulfilled 
because j-i=(- l)(i-j), - 1 =~(i~~)(~-i) and &(P- 1)=22+ 1 is odd. 
We may build double Youden rectangles based on the incidence matrix N by 
replacing those entries of N which are 1 by pairs of integers from the set 
{0,1,2,..., p-l). We do th is in the following stages, and for the sake of the ensuing 
description it is convenient to refer to N as a 3 x 3 partitioned matrix: 
(1) Enter the sequence of pairs 0 0,l 1,2 2, etc. as a column in the (2,l) block, as 
a row in the (1,2) block, and in the diagonal of the (3,3) block. 
(2) For the (2,2) block, select first distinct a, and a2 from the numbers 1,2, . . , , p - 2 
and then adapt the first column of n in such a way that a 1 occurring in row i is 
replaced with the pair x2”+‘l, x2r+a2, where i - 1 is the even power x2’ of x. The entries 
in succeeding columns of n are handled by cyclic generation: an entry 1 occurring in 
row i and column j, where i-j= x2*, is replaced by the pair 
Notice that within this (2,2) block of N, the entries that arise in the first IOW are 
X2r+ol _X2r_ 2r 
-x (x0’ - I), 
X2*+az_X2r_ 
- x2’(x0* - 1). 
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The requirements which the constants a1 and a2 must satisfy, and an appropriate 
means for their selection, are specified below. 
(3) Repeat for the (3,2) and (2,3) blocks the procedure described in stage 2, selecting 
first the pairs of distinct constants b, and b2 for block (3,2), and c1 and c2 for 
block (2,3). 
(4) For the (3,3) block, select distinct constants d, and d2 as previously, and 
replace an entry 1 occurring in row i and column j of n’, where j-i =x2’, by 
the pair 
This construction produces the square incidence array for a double Youden 
rectangle provided the parameters al, a2, bl, b2,c1,c2,dl,dZ are chosen to satisfy 
certain requirements. To state these it is convenient to employ the notation that, for 
a parameter value m selected from 1,2, . . . , p - 2, ti denotes the number in the range 
0,1,2, . . ,p-2 such that 
xm=xm- 1.
Note that ti avoids the value i(p- 1). 
To ensure that each column of the array contains the set (0, 1,2, . . . ,p- l}, separ- 
ately in both the first and second components of the entries, we need each of the pairs 
a, and b,, a2 and b2, cl and d,, c2 and d; to consist of integers having opposite parity. 
The analogous constraint on the entries when taken by rows means that, correspond- 
ingly, ii1 and Cl, ci2 and C2, b; and dl, b2 and d2 should also be integer pairs having 
opposite parity. 
And, finally, note that within the (2,2) block, the entries whose first component is 
0 have second component 
X2*(X0* - x(I’), 
with similar expressions relating to the (3,2) and (2,3) blocks and also the off-diagonal 
entries of the (3,3) block. Thus, we may produce the necessary association of com- 
ponents in the array entries by requiring further that two of the four numbers 
xa’ - x’2 , Xbl _ xb2, xct _ xcz, Xdl - xd2 be even powers of x and the remaining two be odd 
powers. It is this association which, when we allow for entries in the (2,l) and (1,2) 
blocks and the diagonal of the (3,3) block, ensures the within-row replication of 
elements of the set Yin our original row and column description of a double Youden 
rectangle given in Section 1. 
Consider, by way of example, the case p = 7. Here x = 3 is a primitive element. The 
assignment of parameter values a, = dl = b2 = c2 = 2, bl = cl = a2 = d2 = 3 for which 
~1=~1=~2=~2=0, ~1=c,=~l=~2=5, x’l-x’2=xdl-xd2=xi and xbl-xbz= 
XC’ -xc2 = x4 meets the foregoing requirements and the resulting double Youden 
rectangle is that displayed in Section 2. 
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4. Parameter selection for the construction 
If we assess each parameter value m according to the parity of m and of fi, the row 
and column constraints deduced in Section 3 limit to 16 the combinations for the 
parameter set a,, bl, cl, d,; here a,, iI, b, and c1 may be even or odd independently, 
but when they are specified the parity of each of bl, Cl, dl and d; is determined. There 
are likewise 16 such combinations for the second parameter set a2, b2, c2, d2, and 
additionally the value of each of these parameters must differ from that selected for the 
corresponding parameter in the first set. 
When p= 3 the number field has too few elements to provide the necessary 
parameters for our construction, and this accords with the result of Preece [6], that 
there is no double Youden rectangle of size 3 x 7. But for all subsequent values of the 
prime p = 42 + 3, the parameter sets may be found. For there are p - 1 distinct powers 
of x, namely xm when m=0,1,2,...,p-2. Of these, 3(p-1)=2L+l are even. If we 
exclude m= 0 because then x*- 1 =O, which is not a power of x, there are 2A 
remaining even values m = 2,4,6, . . . , p - 3. If for any one of these we consider the 
product 
(xrn- l)(XP_l--m -1)=(-l)x-“(x”-1)2, 
we find that (xm- 1) (x~-~-~- 1) is an odd power of x because - 1 is. Thus, when 
m assumes the 21 even values 2,4,6, . . . , p - 3, for half of these xm - 1 is an even power 
of x, i.e. with our previous notation ti is even, and for the other half it is an odd power. 
The p - 2 values of xm - 1, when m = 1,2, . . . , p - 2, are distinct and so generate all field 
elements except 0 and - 1, i.e. all 21+ 1 even powers and 2;1 odd powers. We have seen 
that when m is even, the xm- 1 account for A even powers and 1 odd powers. 
Therefore, when m is odd, the xm - 1 provide A + 1 even powers of x and A odd powers. 
This is summarised in Table 2. 
We see that is soon as p > 11, or equivalently A > 2, it is possible to select, for any 
given one of the 16-parameter parity combinations described above, two parameter 
setsa,,b,,c,,d, anda,,b,,c,,d, withal#a2,bl#b2,cl#c2,dl#d2. Wemayalso 
do this in such a way that two of the four numbers xa’ -x’*, xbl -xba, xc’ -xc2 and 
Xdl -xd2 are even powers of x and the other two are odd: simply swap corresponding 
pairs of parameters, a, with a2, bl with b2, cl with c2, dl with d2, as necessary. We can 
in this way determine parameter sets needed for the construction given in Section 3 
Table 2 
In 
Even 
Even 
Odd 
Odd 
m 
EVtX 
Odd 
Even 
Odd 
Number of cases 
I 
1 
A+1 
I 
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and, thus, for each prime p = 3 (mod 4) with p 2 11, we have the means to generate 16 
double Youden rectangles of size p x (2p+ 1). 
When p = 7, so that 2 = 1, the number field is too small to permit the selection of two 
parameter sets with the same parity combination. But the other 256 potential pairings 
of these parity combinations give rise to parameter sets a,, b,, cl, dl and u2, b2, c2, d2 
satisfying the constraints necessary for our construction. The double Youden rec- 
tangles so generated correspond to the 298 double Youden rectangles of size 7 x 15 
reported by Preece [9], which he found by means of a direct search. Amongst these is 
one exhibited much earlier by Preece [7], for which a, = dI = 2, b, = cl = 3 and a2 =4, 
b2 = c2 = 5, d2 = 1. This example is itself the first member of a further infinite series, 
where each has parameters so that a,, aI, d,,d; ,a2, F2,C2, & are even and 
b,, b,, cl, Cl, ii2, b2, c2, d2 are odd. To see this, notice that for each p E 3 (mod 4) with 
p > 7, we may certainly select parameter sets aI, bl,cl,dl and a2,b2,c2,d2 subject to 
these parity constraints, and with al #a2, bl #b2, cl #c2, d, #d2. Now 
Xp-lhbl_XP-1-bz=_X-bl-b2 
(Xbl - xb*), 
so that xb’ - xb2 is an even power of x when xp- ’ -bl - xp- ’ b2 is an odd power, and 
vice versa. The parameter p - 1 - bl is odd, and as well xp- ’ -bl - 1 is an odd power of 
x because the product (xb’- 1) (x~-~-‘~- 1) is an even power of x. Clearly, by 
changing bl to p- 1 -b, and b2 to p- 1 -b2, and likewise with c1 and c2, as is 
necessary, we may then ensure that for the parameter sets selected, exactly two of 
x0’ _ x@ , Xbl _ Xbz, xcl _ xcz, Xdl - xd2 are even powers of x, and thus satisfy the require- 
ments of our construction. 
5. Further series having different structure 
The symmetric balanced incomplete block design employed as the basis of our 
construction in Section 3 is self-dual, in the sense that it is isomorphic to the dual 
design associated with the transpose N’ of its incidence matrix N. As suggested by 
Preece [7], we can adapt our construction by employing in place of N the incidence 
matrix 0 1’ 0 
N1= 1 n n’ 
[ 1 0 n I+n 
The conditions to be satisfied by the parameter sets a,, bl, cl, dl and a2, b2, c2, d2 are 
now slightly adjusted, but the details of the construction essentially parallel those 
given previously when we considered N. The incidence matrix N 1 and its transpose 
N; give rise to nonisomorphic symmetric balanced incomplete block designs, so that 
to each example of a double Youden rectangle based on N there correspond two 
additional ones based on N1 and N;. (For p= 7, the matrices N, N1 and N; give rise, 
respectively, to the symmetric balanced incomplete block designs denoted as Cg, C3 
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and C1 by Bhat and Shrikhande [2]). The role of duality in generating further 
examples of double Youden rectangles is also described in Preece [8]. 
As a final point, we remark that we may relax the requirement that p be prime. It is 
enough to suppose that p is a prime power, provided arithmetic is performed in the 
associated finite field of p elements. If we use the field elements both to index rows and 
columns of blocks within the matrix N, and to furnish members for the set Y, our 
construction may be carried through as previously described in Section 3. By selecting 
an order for these field elements which respects their additive generation, the cyclic 
patterning of the square incidence array for the double Youden rectangle is retained, 
albeit in a compound form reflecting the structure of the additive group of the finite 
field. 
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